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INTRODUCTION

A process whereby thick-walled pressure vessels are pressurized beyond their elastic limit ha• long
been recognized as beneficial to increase the service life oL dhe vessels, particularly when subjected to
repeated loading and unloading. This process, known as autofrettage, drew the attention of Mises (ref 1),
who, in 1913, offered a mathematical equation correlating the stress distribution within the vessel's wall
with the pressure at the vessel's interior. Mises' solution in plane-stress assumes that the stress
distribution in the elastic region, p : r : b, of an autofrettaged tube is the same as that of an elastically
stressed tube of the same dimensions (namely of the same outer diameter (OD) and whose inner diameter
(ID) = p) subjected to an internal pressure, pA = -o0, for which plastic deformation will commence at its
inner surface, ri = p (ref 2). The inner layer, a < r : p, undergoes plastic deformation and its state of
stress, including the elastic-plastic interface, can not exceed

++ 2].-oJ)2 + (2,,-o.o )

where au are the principal components of the stress and a. is the material's yield strength in uniaxial
loading. Equation (1) is a special case of Mises' yield criterion.

According to Lamd's equations (ref 3), the stress distribution in an elastically pressurized thick-
walled vessel is

= ( 2

Ort~r) =- 2 A

(a)2

and (2)

(r) (=) 2  p+

where p, c internal hydrostatic pressure (at the vessel's bore). Thus, at the elastic-plastic interface where
a..) replaces -pI, (in Eq. (2)), for Mises' yield criterion to prevail at r = p in plane-stress

S2-
a (,). ) (3a)

3 14+ I

1)



and

=ap) 00 (3b)

Thus, by replacing -a'*(D) for p, in Eq. (2), one gets the stress distribution in the elastic region, p 5 r !5 b

a.(r = - r (4a)

3() +

and

a8(r) + 00 (4b)

It can be shown (ref 4) that for equilibrium to prevail in the r-0 plane

da - _ (5)

(e - OP. r

Lamd's equations (Eq. (2) in this report or in their more comprehensive form (ref 2)) satisfy the condition
for equilibrium. Hence, equilibrium prevails in the entire elastic region, p < r S b, as described by Eq.
(2) or Eqs. (4a) and 4(b). However, for the pl"tically deformed region, a < r -< p, Mises applied his
yielding criterion (Eq. (1)) to Eq. (5) and used Eq. (3b) as the boundary condition at r = p, thus arriving
at the following

2



-2 t-'/' -I 1 (6)

However, Mises recognized that Eq. (6) is solvable only in the range

2 2-- ao- aM, ~ - ao

Depending on the wall ratio of the elastic region, b/p, this sets the following equation, Eq. (7), as the

limiting wall ratio, p/a, of the plastic region for which Mises' solution, Eq. (6), is applicable

b (b) +

In-P -< 1/, - + 2 • tan . (7)
a 3(4)+1 

-1 I
Solving Eq. (7) for the case of 100 percent autofrettage (p=b). Mises concluded that his solution is limited

to vessels of wall ratio b/a 5 2.9615 (or conversely, a/b a 0.3376665).

TRESCA'S YIELD CRITERION

Assuming that Tresca's yield criterion, a, - cr22 = a,, prevails (ref 5) in the plastic region, the
equation of equilibrium (Eq. (5)) is simplified and becomes

- do,, (8)

r 0o

where co' is a constant. Hence, its solution is simplified (compared to Eq. (6)), and it becomes

In = - (9)

3



The radial stress, a n,), at the elastic-plastic interface, satisfying both Tresca's yield criterion and Lam6's
solution simultaneously, is computed as

a 2= -i!, a (10)

r,2( b) 0

4P/

MISES' YIELD CRITERION IN PLANE-STRAIN

Since plastic deformiation assumes to preserve the material's volume, Hill (ref 6) suggested that
"for large plastic deformation in plane-strain, the stress a, perpendicular to the plane of flow m-: be
equal to the mean, V/2(a. + a..), of the other two normal stresses to a very good approximation after a
plastic strain of a few times the yield point strain." Applying this relation (among the axial stress, a., the
radial stress, a., and the tangential stress, u.) to Mises' yield criterion, Eq. (1), results in

2 01
-1 o (11)

which is equivalent to multiplying the yield strength in Tresca's solution by 2/1V3, thus enjoying all the
mathematical simplifications associated with Tresca's yield criterion. Stacey and Webster (ref 7) and
others capitalized on this mathematical convenience. However, Avitzur (ref 8) questioned the applicability
of Hill's approximation of the axial stress, a,, to the problem at hand on the following grounds:

1. The method by which Stacey and Webster (ref 7) apply this approximatior, increases adl the
stress compontnts in the elastic region, p : r : b, by a factor of 2/¢3. This discrepancy is carried over to
the 'after depressurization' condition.

2. The plastic strain encountered during autofrettage is rarely a "few times the yield point strain,'
and certainly not in the vicinity of the elastic-plastic interface, r = p.

Instead, Avitzur (ref 2) computed the principal stress components at the elastic-plastic interface
and in plare-strain as

-- 1

O',.(p) = - •ao (12a)

3(Ž) + (1- 2v)2

2 +1

Qep -0 (12b)

()4 + (1 -2v)2
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2v

+ (-2v)212P~)+
Applying A - -•i from Eq. (12a) to the LamE equations (Eq. (2)) one gets

r - . (13a)

3()+ (I -2v)2

2v
+ b 4 2 v + ( 1 3 0

+ (1-2v9

for the stress distribution in the elastic region, p < r - b.

Assuming that in the plastic region, a : r : p, the elastic component of strain is dominating,
Avitznr (ref 2) assumed that the same Hooke's Law for the relation between the three principal
components of stress, a,, a, and a.. that prevail in the elastic region is being preserved throughout this
region also. Applying Hooke's Law to Mises' yield criterion and consequently to the equation of
equilibrium, and using Eq. (12a) as the boundary condition at r = p, Avitzur concluded that



3r. 48 CIO7 4

T1 17(F))

42 ~ 1tan-' _t 6( .) (14)

where 8 = 1-v+v', 77 = (1-2v) = 1-4v+4v2 , and 3+17 - 48. Equation (14) correlates the radial stress,
,mp with its radial location, r. The tangential and axial components of the stress are derived thereof (see

reference 2).

The derivation of Eq. (14), as well as of Mises' solution in plane-stress (Eq. (6) of this report)--
together with the derivation of their equivalent equations for the respective cases when the external
pressure, p,, at the vessel's OD dominates the plastic deformation-are presented in Reference 9.

Like Mises' (ref 1) solution in plane-stress, Eq. (14) is limited to a radial stress in the range

-2 o 0 o,,(F,) -t2. - Co

which imposes a wall ratio limitation of

48( bb3± 2

I 1. "/ -In f ) + 2 • tan"1 ) (15)

Solving LE. (15) for a fully plastically deformed thick-walled vessel, p = b, one gets b/a = 8.1619,
or conversely, a/b = 0.1225, when the material's Poisson's factor is v = 0.25 and b/a = 14.4122, or
conversely, a/b = 0.0694, when the material's Poisson's factor is v = 0.30 (compared to b/a = 2.9615 for
Mises' plane-stress solution).

It can be shown (see Appendix A) that due to volume constancy in the plastic region, the ratio
between the respective tangential strain at any given radius, r, versus the one at the material's yield point
(at the elastic-plastic interface) is

6



l2
1i + (2+, , (p), K -1 (16)

"Thus, for 100 percent autofrettage, when o, =a,) = 0

E 8 p) = E~b) 2 1-v 2

N/3 +(1-2v) 2  E

(see Appendix B), and for a material having a yield strength of a,, = 160,000 psi and modulus of elasticity,
E = 30"10' psi, one gets (for the limiting cases of b/a = 8.1618 and b/a = 14.4122, respectively) e,,yi,
= 57.599 for i, - 0.25, or E-a/e•) = 148.263 for v = 030 and their respective limiting wail ratios, b/a.

With strains as large as these, Hill's (ref 6) approximation of P= = 1/:(oa,+a) is clearly justified,
except that a transitional region still exists where the material's elastic Poisson's factor is more appropriate
and that a wall ratio of b/a - 8.1619 is rarely, if ever, used. For a more common wall ratio such as b/a =
2.5 or b/a = 1.4, the respective strain ratios, eof/'•ew,) are 6.162 and 1.955, which barely justify Hill's
approximation.

MISES' YIELD CRrTERION IN A MODIFIED PLANE-STRAIN CONDITION

The above computed wall ratio, beyond which Avitzur's (ref 2) equation is not applicable (if and
when 100 percent autofrettage is considered in plane-strain), is rarely used in monoblock pressure vessels.
Nevertheless, it represents a mathematical limitation and questions the appropriateness of treating the
material throughout the entire plastic region in a fully elastic manner (namely considering the elastically-
determined Poisson's factor to prevail throughout the plastically deformed region). A compromise
between the elastically-determined material's Poisson's factor at the elastic-plastic interface, r = p, and one
that approaches Hill's suggestion of a pseudo-Poisson's factor of v = 0.5, where the total strain is a "few
times the yield point strain," is offered here. Thus, Avitzur's equation is employed with the local Poisson's
factor

VO( = ve + (1-ewp/eqe.) • (O.5-v) (17)

where / is derived by Eq. (16) and where v. is the elastically-determinedPoisson's factor.
Poisson's factor, v(0, derived by Eq. (17), is identical to the material's elastically-determined one at the
elastic-plastic interface, r = p, as it should be, and it asymptotically approaches Hill's recommendation of
V(,) = 0.5 as the strain ratio EQ/e,) -- =. Since the mathematical limitation of Avitzur's equation (Eq.
(14)) is

Io,,,,)I "& 2/-V+v 2  o
3 -(1-2v)

that limit increases as v increases, and at the limit, as v - 0.5

7



Ura 2/1V'-v+v 2

T3O. - (1-2v)- O

Thus, the modified use of Eq. (14) becomes devoid of the above-mentioned mathematical limitation.

Figures 1 through 27 compare the stress distribution throughout the wall of autofrettaged thick-

walled pressure vessels computed by five different methods:

1. Mises' (ref 1) in plane-stress.

2. Tresca's yield criterion.

3. (Tresca's yield criterion) -2 /v3.

4. Avitzur's (ref 2) solution for a Mises' yield criterion in plane-strain.

5. Avitzur's solution for a Mises' yield criterion in a modified plane-strain with a varying Poisson's
factor.

An elastically-determined Poisson factor of v. = 0.25 is considered in methods #4 and #5.
Figures 1 through 9 represent a vessel with a wall ratio of b/a = 1.4; Figures 10 through 18 a wall ratio of
b/a = 2.5; and Figures 19 through 27 a wall ratio of b/a = 8.2. All three principal components of stress-a:
tangential, b: radial, and c: axial-are represented both A: while the vessel is under (internal) pressure and
B: after depressurization. Three levels of autofrettaging (penetration of the plastic region through the
vessel's wall thickness) are represented:

1. (o-a)/(b-a) • 100 = 10 percent

2. (p-a)/(b-a) 1 100 = 50 percent

3. (p-a)/(b-a) . 100 = 90 percent

In computing the stress distribution after depressurization (B), it is assumed that the recovery is
fully elastic. Thus, in those cases where reverse plastic deformation is encountered upon depressurization,
the approximate radius below which such a deformation takes place is marked. However, the stress
distribution is not corrected accordingly. This will be investigated in the future. Furthermore, in Figures
20 through 24, 26, and 27 (50 and 90 percent autofrettage of a b/a = 8.2 tube), the first mode of
deformation, Mises' yield criterion in plane-stress, is omitted since the wall ratio exceeds the limit for
which this solution is applicable. As mentioned above, Mises (ref 1) has determined that in computing the
stress distribution of a 100 percent autofrettaged vessel, his solution becomes unapplicable if the vessel's
wall ratio b/a is greater than 2.9615. As the vessel's wall ratio increases, the percentage of autofrettaging
beyond which his solution is not applicable decreases. For a tube of wall ratio b/a = 8.2, Mises' solution is
not applicable when (p-a)/(b-a) • 100 = 19.95 percent or less than 20 percent autofrettage and beyond.

Due to the historical evolution of autofrettage as a manufacturing process, and contrary to this
author's conviction, the increase in the fatigue life of an autofrettaged vessel (over that of a non-
autofrettaged one) is commonly attributed to the (post-depressurization) compressive residual hoop
stresses at the vessel's inner surface. If one confines his analysis of the merit of autofrettaging to the
residual compressive hoop stress at the bore (as almost all investigators of the subject do--this investigator
excluded) as its sole criterion, then the largest difference between the results obtained by the five different

8



modes of computation varies between 15 and 26 percent. The difference between results obtained through
Avitzur's (ref 2) Mises' yield criterion in plane-strain solution, modified Mises' yield criterion in plane-
strain, and (Tresca's yield criterion) • 2 /73 computations is limited to less than ten percent (decreasing
with increased vessel's wall ratio and/or with increased percent autofrettage). Furthermore, at the higher
ranges (for large wall ratio vessels and at increased percent autofrettage), it is anticipated that these
differences will be further reduced after correcting for reverse yielding. Therefore, one might argue that
such differences do not justify the complexity and the difficulties involved in the computations according to
Avitzur's (ref 2) Mises' yield criterion in plane-strain or Avitzur's modified Mises' yield criterion in plane-
strain, as compared to the simplified (Tresca's yield criterion) 2/03 method.

However, it is the conviction of this author that whether crack opening or plastic flow takes place
is determined by the prevailing state of stress in its totality (and not solely as a function of a single
component of stress, i.e., the hoop component, according to the prevailing thinking). Furthermore, its
propagation depends on the state of stress that prevails beneath the surface. A discerning comparison
between the various modes of deformation suggests that inceed there are differences in the distribution of
all three principal components of stress between the various modes of computations.

Moreover, the state of stress (particularly its hydraulic component) that prevails during the plastic
deformation, while the vessel is being pressurized, determines whether pre-existing microcracks and/or
microvoids will grow or heal in the process. This parameter is not represented by the retained stresses,
and hence, any comparison of the latter values, as obtained by the five different methods, is devoid of such
information.

The most important point to be considered is that the process itself is neither in plane-stress nor
in plane-strain. Whether and/or in what range the two Avitzur's solutions differ significantly from the
simplified (Tresca's yield criterion) 203 solution, should be determined only after the former are
adjusted for free ends (general plane-strain) condition that prevail during fluid autofrettage or adjusted for
the axial load that prevails during mandrel autofrettage. A clue to the significance of the anticipated
differences between these three methods of calculations when the above corrections are made can be seen
by comparing the distributions of the axial stress component in plane-strain.

In very long pressure vessels (i.e., in gun tubes), calculating the axial component of the retained
stress is important due to its effect on the vessel's straightness and/or on a post-autofrettage straightening
operation. However, that is beyond the scope of this work.

CONCLUSIONS

Inherent to Avitzur's (ref 2) solution for the stress distribution in pressurized thick-walled vessels
in plane-strain, there is a wall ratio beyond which it is mathematically unapplicable. A modification to
that method is proposed here. This mathematical limitation is compared to a similar limitation that Mises'
(ref 1) pointed out to restrict the applicability of this solution in plane-stress. The numerical results
obtained by each of these methods of calculation are compared to each other as well as to those obtained
by assuming that Tresca's yield criterion prevails (either with the material's own yield strength, ao,, or with
a yield strength of 203 ao often misrepresented as Mises' yield criterion in plane-strain). The most
significant difference is in the axial stress component, which only Avitzur's (ref 2) solution and its modified
version, as well as (Tresca's yield criterion) • 2 /v13 offer.
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APPENDIX A

HOOP STRAIN IN THE PLASTICALLY DEFORMED REGION

Volume conservation within the plastically deformed region can be expressed as

z .(p'-.r2) -!( -~(+~) p2  +e.1+)2 .r 2J

Thus,

62 22 - p)(P)
66(wr) + 06(r) -( 2 ,Eg~) + 1=W 0

Hence,

1E~,) =1 I1(, W Epr

or
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APPENDIX B

COMPUTATION OF THE MAXIMUM PLASTIC REGION, p/a,
FOR WHICH AVIrrUR'S EQUATION IS APPLICABLE

Avitzur's solution (refs 2,8) in plane-strain reads

Ti -1 (3+r)
JUL in.' t,)

I/W ~ InI

Thus, at the limit of its applicability

for which 2 iia

I 46' 3ntoI

and

o3' b1+ _ 1

Also, fron Eq. (12a) at r =p p
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S4A)4+_ij
(A) 

2

Hence,

or

Rn 4- Z) 4ii ~

from which

Inp P 1A, n€-In -2 • •tan-•O - tan-•
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